Motivated by the importance of measuring the association between the response and predictors in high dimensional data, we propose a new distribution-free test of independence between a categorical response variable Y and a continuous predictor X based on mean variance (MV) index. The mean variance index can be considered as the weighted average of Cramér-von Mises distances between the conditional distribution functions of X given each class of Y and the unconditional distribution function of X. The mean variance index is zero if and only if X and Y are independent. In this paper, we propose a new MV test between X and Y and it enjoys several appealing merits. First, under the independence between X and Y , we derive an explicit form of the asymptotic null distribution, +∞ j=1 χ 2 j (R − 1)/π 2 j 2 , where χ 2 j (R − 1), j = 1, 2, . . ., are independent χ 2 random variables with R − 1 degrees of freedom and R is the fixed number of classes of Y . It provides us with an efficient and fast way to compute the empirical p-value in practice. Second, we can allow R diverge slowly to the infinity as the sample size increases and the limiting null distribution of the standardized test statistic is a standard normal distribution. Third, it is essentially a rank test and thus distribution-free. No assumption on the distributions of two random variables is required and the test statistic is invariant under one-to-one transformations. It is resistant to heavy-tailed distributions and extreme values in practice. We assess its excellent performance by Monte Carlo simulations. As its important application, we apply the MV test to high dimensional colon cancer gene expression data to detect the significant genes associated with the tissue syndrome.
Introduction
One of the fundamental goals of data analysis and statistical inference is to understand the relationship among random variables. In many scientific researches, it is of importance and interest to test whether two random variables are statistically independent of one another.
Many real-life examples can be found in finance, physics, biology and medical science, etc.
For instance, the genetics researchers may be interested in testing the independence between some inherited disease and a single-nucleotide polymorphism (SNP) or whether two groups of genes are associated in high dimensional genetic data. The medical researchers may want to understand the relationship between the lung cancer and the smoking status.
As a fundamental statistical problem, testing whether two random variables are independent or not has received much attention in the literature. When two random variables are both categorical, the classic Pearson's chi-square test is applied to test their statistical independence. Note that the independence of two random variables X and Y is equivalent to H 0 : F XY = F X F Y , where F XY denotes the joint distribution function of (X, Y ) and F X and F Y denote the marginal distributions of X and Y , respectively. Hoeffding (1948) proposed a test of independence based on the difference between the joint distribution function and the product of marginals. The Hoeffding's test statistic is
whereF denotes the empirical distribution function. This is also the well-known Cramér-von Mises criterion between the joint distribution function and the product of marginals. Rosenblatt (1975) considered a measure of dependence based on the difference between the joint density function and the product of marginal densities. To consider the quadratic distance between the joint characteristic function and the product of the marginal characteristic functions, Szekely, Rizzo and Bakirov (2007) and Szekely and Rizzo (2009) defined a distance covariance (DC) between two random vectors X ∈ R p and Y ∈ R q by
where φ XY (t, s), φ X (t), φ Y (s) denote the joint characteristic function, the marginal characteristic functions of X and Y , respectively, and ω(t, s) is a positive weight function. by using the corresponding empirical characteristic functions and S 2 = n −4 n k,l=1 |X k − X l | p n k,l=1 |Y k − Y l | q in which {(X i , Y i ), i = 1, 2, . . . , n} is a random sample of (X, Y ). Under the existence of moments, it was proved that nV 2 n (X, Y )/S 2 converges in distribution to a quadratic form +∞ j=1 λ j Z 2 j , where Z j are independent standard normal random variables and the values of λ j depend on the distribution of (X, Y ). Recently, Heller, Heller and Corfine (2013) developed a consistent multivariate test of association based on ranks of distances. Bergsma and Dassios (2014) proposed another consistent test of independence based on a sign covariance related to Kendall's tau.
In this paper, we propose a novel distribution-free test for the independence between a categorical random variable and a continuous one based on mean variance (MV) index. It is important to understand the relationship between a categorical variable and a continuous one in practice, such as the relationship between the SNP and a continuous genetic trait, the tumor class and gene expression levels (continuous), or the social status and the family income, etc. Let Y be a categorical variable with R classes {y 1 , y 2 , . . . , y R }, and X be a continuous variable. The MV index can be considered as the weighted average of Cramér-von Mises distances between the conditional distribution functions of X given each Y = y r and the unconditional distribution function of X. Note that the MV index equals to 0 if and only if X and Y are statistically independent. Thus, the MV index can be used to construct a test statistic for independence. The proposed MV test enjoys several advantages.
(1) Under the null hypothesis of independence between two variables, the asymptotic null distribution has an explicit form when R is fixed. That is,
. ., are independent χ 2 random variables with R − 1 degrees of freedom.
It provides us with an efficient and fast way to compute the critical value and make a test decision quickly in practice. (2) The number of classes R can be allowed to approach infinity with the sample size n at a relatively slow rate. The limiting null distribution of the standardized MV statistic is a standard normal distribution. It is convenient to obtain any critical value in practice using an approximated normal distribution when R is large. (3) The proposed test is essentially a rank test and thus distribution-free. Thus, the MV test statistic is invariant for any fixed n under one-to-one transformations and resistent to heavy-tailed distributions and extreme values in practice. Numerical studies show that the MV test has a higher or comparable power performance compared with the existing methods even when X is generated from a standard Cauchy distribution. Furthermore, there is no distribution assumption required to derive the asymptotic null distributions. This merit is not shared by the distance covariance test (Szekely, Rizzo and Bakirov, 2007) whose asymptotic null distribution depends on the distribution of (X, Y ) and has no explicit form.
The rest of this paper is organized as follows. In Section 2, we introduce the mean variance index and its properties. Main results are included in Section 3, where we will propose a new distribution-free MV test and derive its asymptotic distributions. In Section 4, we study the power performance of the new test compared with the existing alternative methods using Monte Carlo simulations and a real-data application. Section 5 discusses some extensions. Technical proofs are given in the Appendix.
Mean Variance Index
In this section, we briefly introduce the mean variance index defined for a continuous random variable and a categorical one. Let X be a continuous random variable with a support R X and Y be a categorical random variable with R classes {y 1 , y 2 , . . . , y R }. The mean variance (MV) index of X given Y defined in Cui, Li and Zhong (2015) by
where F (x|Y ) = P(X ≤ x|Y ) denotes the conditional distribution function of X given Y .
We further let F (x) = P(X ≤ x) denote the unconditional distribution function of X, and F r (x) = P(X ≤ x|Y = y r ) be the conditional distribution function of X given Y = y r . Cui, Li and Zhong (2015) showed that M V (X|Y ) can be represented as the following quadratic form between F (x) and F r (x),
where p r = P(Y = y r ) > 0 for all r = 1, . . . , R. It is worth noting that M V (X|Y ) can be considered as the weighted average of Cramér-von Mises distances between the conditional distribution functions of X given each Y = y r and the unconditional distribution function of X. This observation further implies the following Lemma.
Lemma 2.1. M V (X|Y ) = 0 if and only if X and Y are statistically independent.
Lemma 2.1 indicates that the MV index M V (X|Y ) can measure any dependence between a continuous random variable and a categorical one. Due to this property, we will propose a test of independence between X and Y based on their MV index and develop the associated asymptotic distributions in the later section.
Next, we provide a consistent estimator for M V (X|Y ). Suppose that {(X i , Y i ) : i = 1, . . . , n} with the sample size n is randomly drawn from the population distribution of (X, Y ). Using the idea of method of moments, M V (X|Y ) can be estimated by the following
I{Y i = y r } denotes the sample proportion of the rth class, where I{·} represents the indicator function. The following lemma demonstrates the consistency of the proposed estimator for M V (X|Y ), which is the direct corollary of Theorem 2.1 in Cui, Li and Zhong (2015) .
Lemma 2.2. Suppose R = R(n) = O(n κ ) for some 0 ≤ κ < 1 and there exist two positive constants c 1 and c 2 such that c 1 /R ≤ min
there exists a positive constant c > 0 such that
to the mean variance index M V (X|Y ).
Remark: The condition c 1 /R ≤ min is allowed to be diverging at a relatively slow rate of the sample size n. If R is fixed when
p r ≤ c 2 /R is automatically satisfied and the result also holds.
Main Results

Mean Variance Test of Independence
In this section, we will present a distribution-free test of independence between a continuous random variable X and a categorical one Y based on their mean variance index. We consider the following testing hypothesis:
H 0 : X and Y are statistically independent.
versus H 1 : X and Y are not statistically independent.
Note that the null hypothesis is equivalent to that the conditional distribution function of X given Y = y r is always equal to the unconditional distribution function X for any r = 1, . . . , R. That is, F r (x) = F (x). Thus, the previous hypothesis can be rewritten as
for any x and r = 1, . . . , R.
versus H 1 : F r (x) = F (x) for some x and r = 1, . . . , R.
To test H 0 , we naturally consider the difference between each F r (x) and F (x). Note that the proposed MV index (2.2) is the weighted quadratic distance between F r (x)'s and F (x) with the proportion of each class as weights. Therefore, we propose a new test statistic based on the sample-level MV index
The larger value of T n provides a stronger evidence against the null hypothesis H 0 . We name the new test as the Mean Variance (MV) Test of independence.
Before studying its theoretical properties of the MV test, we run a simple simulation example to get a first insight into how it performs. Let us generate a random variable X from a standard normal distribution and random variables Z k with k = 0, 1, 2 by Z 0 = ε,
where {q k1 , q k2 , q k3 } are the first, second and third quartiles of Z k , respectively. Thus, Y 0 is statistically independent of X while Y 1 and Y 2 respectively depend on X through a linear term and a quadratic term, respectively. We consider the sample sizes n from 20 to 150. For a given sample size, T n is computed for each pair of (X, Y k ) and the associated p-value is also calculated using its limiting null distribution which will be given in (3.2). We conduct this simulation 100 times to compute the empirical powers or type-I error rates (if H 0 is true) at the nominal significance level 0.05. The left panel of Figure 1 
Asymptotic Distributions of MV Test Statistic
As aforementioned, the MV test statistic T n has a simple form and is easy to calculate and interpret. However, it is by no means straightforward to derive its asymptotic distributions.
In this subsection, we will study the asymptotic distributions of T n with the aid of the empirical processes theory.
First of all, we derive the asymptotic null distribution of T n when the class number R is fixed. The proof is given in the Appendix.
Theorem 3.1. Suppose X is a continuous random variable and Y is a categorical random variable with a fixed number R of classes. Under H 0 ,
where χ Remark: This theoretical result is related to the asymptotic null distributions of some tests in the literature. Szekely, Rizzo and Bakirov (2007) proved that the asymptotic null distribution of their distance covariance test statistic also has a quadratic form
where Z j 's are independent standard normal random variables, but the values of λ j are unknown. Remark that, without the explicit null distribution, one has to use the permutation test to find p-value in practice, which is computationally inefficient when the sample size or the number of tests is very large.
To check the validity of the asymptotic null distribution of T n obtained in Theorem 3.1, we compare the empirical null distribution with the asymptotic null distribution using simple simulation examples. We generate Y from a discrete uniform distribution with R categories and X independently from N (0, 1) or t(1). Note that t(1) is heavily-tailed and easy to generate extreme values. We consider four different scenarios:
For each scenario, we run the simulation 1000 times to obtain 1000 values of the MV test statistic T n and then compare the empirical distributions of T n with its asymptotic null distributions (see Figure 2 ). Remark that we will elaborate how to plot the asymptotic null distribution in the next subsection. In each panel, the two density curves are very consistent with each other, which strongly suggests that the asymptotic null distribution in Theorem 3.1 provides a satisfactory approximation of the null distribution even when the sample size is relatively small. It is worth noting that Panel (b) and (d) further show that the MV test is robust and has a reliable performance when the distribution of X is heavy-tailed and the data contain extreme values. The next theorem shows that under the alternative hypothesis, the MV test statistic diverges to infinity as n → ∞. In other words, if X and Y are dependent, i.e. M V (X|Y ) > 0, the power of the MV test to reject the false null hypothesis converges to one as n approaches the infinity. Thus, the MV test is a consistent test.
Theorem 3.2. Suppose that the conditions assumed in Lemma 2.2 hold. Under the alter-native hypothesis H 1 , we have
where p −→ denotes the convergence in probability.
Then, we study the asymptotic normality of M V (X|Y ) which helps us to find an expression of the asymptotic power function of the MV test.
Theorem 3.3. Under the alternative hypothesis
where
Based on Theorem 3.3, we can derive the following asymptotic power function of the MV test.
where Φ(·) is the cumulative distribution function of the standard normal distribution and c α denotes the α upper-tailed value of the asymptotic null distribution of the MV test statistic under H 0 . It can be observed that the power β n (∆) increases for fixed ∆ and α as the sample size increases. This result will also be confirmed by Monte Carlo studies in Section 4.
Implementation of MV Test
In this subsection, we discuss the implementation of the MV test in practice. The appealing feature of the MV test is that Theorem 3.1 provides the explicit asymptotic null distribution of T n when R is fixed. Note that χ 2 j (R − 1)/π 2 j 2 is ignorable when j is very large. We approximate the asymptotic null distribution
for N sufficiently large in practice. We display the asymptotic null distributions of R − 1 degrees of freedom, R = 2, 3, . . . , 10, in Figure 3 . The density curves show that the asymptotic null distribution for each R is right-skewed like a χ 2 distribution and approaches to a normal distribution as R increases. Our empirical studies show that the asymptotic null distribution performs well even when the sample size is not large. However, if the sample size is very small, the permutation test can be used to find the p-value for the MV test. The permutation test is computationally efficient when the sample size is small. For example, Szekely, Rizzo and Bakirov (2007) 
Asymptotic Distribution when R is Diverging
The asymptotic distributions of MV test statistic have been studied before when the number of classes is fixed. Next, we will derive its asymptotic null distribution when R tends to the infinity.
and R → +∞ as n → ∞, then under H 0 , we have
If min 1≤r≤R p r = O(n −γ ) where 0 < γ < 1/2, then we can derive that R = O(n κ ) for some 0 < κ < 1 − 2γ. That is, we can allow the number of subgroups go to the infinity with the sample size n at a relatively slow rate. This result is another distinguished merit of our test from the existing methods. Theorem 3.4 shows that the limiting null distribution of the MV test can be approximated by a normal distribution with mean (R − 1)/6 and variance (R − 1)/45 when R is large. To connect it to the asymptotic null distribution when R is fixed in Theorem 3.1, one can note that the mean and variance of
given by
4 Numerical Studies
Monte Carlo Simulations
In this section, we assess the finite-sample performance of the MV test (MV) of independence by comparing with other existing tests: the classic Pearson's chi-square test (CS), the distance covariance test (DC) in Szekely, Rizzo and Bakirov (2007) , and the test based on ranks of distances (HHG) in Heller, Heller and Corfine (2013) For instance, when Y is binary, p 1 = 1/3 and p 2 = 2/3. Given Y i = r, the ith predictor X i is then generated by letting X i = µ r + ε i , where r = 1, 2, . . . , R. We consider the following two choices of R: (1) R = 2, µ = (µ 1 , µ 2 ) = (1, 2) and ε ∼ N (0, 1) or t(1). (2) R = 6, µ = (µ 1 , µ 2 , . . . , µ 6 ) = (6, 3, 4, 1, 5, 2)/3 and ε ∼ N (0, 1) or t(1). In both cases, X is dependent on the categories of Y , so the null hypothesis is false. Then, we consider local power analysis of all tests under contiguous sequence of alternative hypotheses. We fix n = 100 and consider two cases: (1) R = 2, µ = (µ 1 , µ 2 ) = c(1, 2), ε ∼ N (0, 1) or t(1); (2) R = 6, µ = (µ 1 , µ 2 , . . . , µ 6 ) = c(6, 3, 4, 1, 5, 2) and ε ∼ N (0, 1) or t(1). The values of c vary from 0 to 1, which control the signal strength against alternatives.
When c = 0, X and Y are statistically independent and H 0 is true; otherwise, H 0 is false.
We display the empirical powers of all tests against the values of c in Table 3 . The MV test has the excellent power performance in most settings especially when X follows t(1). 0.6 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.966 1.000 1.000 0.8 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Example 3. We generate X 1 and X 2 independently from a uniform discrete distribution with 3 categories {−1, 0, 1}, and let Y = X 1 + 1.5|X 2 | + ε, where the random error ε ∼ N (0, 1) or t(1). This simple example mimics a genetic association model where the SNPs are regressors and some continuous trait such as the body mass index is the response. Note that the SNPs are categorical with three classes. We apply the aforementioned methods to test the independence between Y and X 1 , Y and X 2 , respectively. Example 4. In this example, we follow Example 2 to generate data and let the number Table 4 : Empirical powers at α = 0.05 against the sample sizes in Example 3. 
A Real-Data Application
The colon cancer gene expression data set contains 62 tissue samples, which include 40 tumor biopsies from colorectal tumors (labelled as "negative") and 22 normal biopsies from healthy parts of the colons (labelled as "positive"). There are 2,000 genes which were selected out of more than 6,500 human genes based on the confidence in the measured expression levels. The data have been analyzed by Alon (1999) to reveal broad coherent patterns of correlated genes that suggested a high degree of organization underlying gene expression in these tissues. It is of interest to detect the significant genes associated with the tissue syndrome.
We first applied the MV test to test for dependence between genes and the tissue groups at the significance level α = 0.05. Since 2,000 hypotheses were simultaneously tested, the Bonferroni correction was used to control the familywise error rate at 0.05. Thus, we would test each individual hypothesis at the significance level α/2000 = 2.5×10 −5 . The asymptotic null distribution in (3.2) was used to compute the p-value for each MV test and 8 genes were identified as significance. Next, we applied the DC test for the gene expression data. Note that the smallest pvalue obtained by the function dcov.test using K permutation times is 1/(K + 1). Thus, we chose K = 40000 to make the DC test applicable to identify the significant genes. For the DC test, 12 genes were selected as significance. Table 6 summarizes the computation time and the significant genes. We conclude that it is very computationally efficient to conduct many simultaneous tests using the explicit asymptotic null distribution compared with the permutation test, since 2000 MV tests only took about 3 seconds.
To further check the significance of the selected genes, we randomly partitioned the data into two parts: 80% as the training data and the rest 20% as the testing samples. Then, the linear discriminant analysis was applied to the training data based on the selected significant genes. The classification accuracy (CA), i.e. the percentage of classifying test samples into the correct groups, for the testing data was computed for each test and summarized in Table 6 . All models had similar predication performance. However, the MV tests had the better prediction performance based on the smaller set of significant genes. This result further demonstrated the MV test would be useful to test the significance of many genes simultaneously in high dimensional data analysis. 
Discussions
In this paper, we proposed the new distribution-free mean variance (MV) test of independence between a categorical random variable and a continuous one. We derived an explicit form of its asymptotic null distribution,
. ., are independent χ 2 random variables with R − 1 degrees of freedom. It helps us to compute the empirical p-value efficiently in practice. It is also worth noting that this result does not depend on the distributions of two random variables X and Y . Simulations and real data analysis showed its usefulness for detecting significant variables in high dimensional data.
Two extensions of the MV test can be considered. First, the MV test is also applicable in practice to test the independence between two continuous random variables by discretizing one continuous one into a categorical one. We can discretize a random variable X using its percentiles {τ 1 , . . . , τ Kn } by defining X * i = kI(τ k ≤ X i < τ k+1 ), where I(·) is an indicator function, i = 1, . . . , n, k = 1, . . . , K n . If K n is too large, then the sample size in each class is too small and the estimation of mean variance index is inaccurate. By contrast, if K n is too small, then much information of the continuous variable may lose and the test power is unsatisfactory. We can choose K n = O(n 1/3 ) as Huang and Cui (2015) suggested.
In practice, we suggest to choose K n = [n/20], where [a] means the integer part of a, so that the sample size in each category is around 20. How to choose an optimal K n and the associated power performance will be left for the future research. Second, another possible extension is to test the independent between a categorical response variable Y and a random vector. Let x = (X 1 , . . . , X J ) be a random vector with the dimensionality J. We can consider an aggregating approach to defining a multivariate MV between Y and x as
The theoretical properties will be left for the future research.
Appendix: Proofs of Theorems
To prove Theorem 3.1, we first need to define
The following Lemma studies the difference between M V (X|Y ) and M V (X|Y ) under the null hypothesis of independence.
Lemma A.1. Under H 0 : X and Y are statistically independent, we have
Proof of Lemma A.1: First, we let
Next, we consider the difference between M V (X|Y ) and M V 1 (X|Y ). Note that
Thus, we have
We deal with the first term I 1n . By the central limit theorem, we havep
by the theory of empirical process, we have that
where we note that E(
the null hypothesis H 0 . It follows that
Next, we deal with the second term I 2n . By the theory of empirical process, we have
where the second equality follows bŷ
It follows that
Thus, (A.4) and (A.5) together imply that
To complete the proof of Lemma A.1, it is sufficient to prove that the difference between M V 1 (X|Y ) and M V (X|Y ) satisfies that
It is enough to show
Without loss of generality, we let F (x) be the uniform distribution function, since we can make the transformation X = F (X) for the continuous random variable X. Therefore,
For any x, y ∈ (0, 1), we can easily prove that
where x ∧ y denotes the smaller value of x and y.
of {i, j, k, l} is different from the other three. Then, we can prove that
Similarly, we have
Therefore, we have
Because E[I 3n (r)] = 0 for any r, we have I 3n (r) = O p (n −3/2 ). This completes the proof of Lemma A.1.
Lemma A.1 further implies that the difference between T n = n M V (X|Y ) and
is the order of n −1/2 / min 1≤r≤R p r in probability. That is,
This lemma paves a road to derive the asymptotic null distribution of T n in Theorem 3.1.
Proof of Theorem 3.1: Based on the result of Lemma A.1, it is sufficient to prove that
where I R denotes the R × R identity matrix. Note that
where I R−1 denotes the (R − 1) × (R − 1) identity matrix. Thus, we have
It implies that Z(x, r) and Z(y, s) are independent if s = r. By applying the continuous mapping theorem, we have
where χ Proof of Theorem 3.3: For any 1 ≤ r ≤ R, we have (
where This completes the proof of Theorem 3.4.
